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Generating parallel curves on parametric surfaces is an important issue in many industrial
settings. Given an initial curve (called the base curve or generator) on a parametric surface,
the goal is to obtain curves on the surface that are parallel to the generator. By parallel
curves we mean curves that are at a given distance from the generator, where distance is
measured point-wise along certain characteristic curves (on the surface) orthogonal to
the generator. Except for a few particular cases, computing these parallel curves is a very
difficult and challenging problem. In fact, only partial, incomplete solutions have been
reported so far in the literature. In this paper we introduce a simple yet efficient method
to fill this gap. In clear contrast with other existing techniques, the most important feature
of our method is its generality: it can be successfully applied to any differentiable paramet-
ric surface and to any kind of characteristic curves on surfaces. To evaluate our proposal,
some illustrative examples (not addressed with previous methods) for the cases of section,
vector-field, and geodesic parallels are discussed. Our experimental results show the excel-
lent performance of the method even for the complex case of NURBS surfaces.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

A classical academic and industrial problem is the determination of parallel curves on parametric surfaces. This problem
appears recurrently in many industrial processes. Parallel curves are widely used, for instance, in manufacturing, for tool-
path generation in sculptured surface machining. Also in rapid prototyping, to fabricate additively a solid object or assembly
from CAD models by using 3D printing technologies such as laser sintering, stereolithography, and laminated object manu-
facturing. Parallel curves are also intensively used in many other fields, such as metrology and quality control assessment of
final manufactured products.

The problem of computing parallel curves on parametric surfaces can be stated as follows: given an initial curve C (that
will be called onwards the base curve or generator) on a parametric surface S, the goal is to obtain curves on that surface that
are parallel to C. By parallel curves we mean curves that are at a given distance point-wise from C, where the distance is mea-
sured on S along certain families of curves (called characteristic curves henceforth; see Section 2.1 for details) orthogonal to C.

The problem of computing parallel curves is related to that of computing offsets of surfaces of objects represented as
polygonal meshes. The latter has been the subject of intensive research, and several approaches can be found in the literature
(see, for instance, [1,2]). This is largely due to its remarkable applications to surface reconstruction from sets of input data
points in fields such as reverse engineering and the fact that polygonal meshes are the simplest and most common repre-
sentation of 3D models. In comparison, the problem of computing parallel curves on parametric surfaces has received rela-
tively little attention from the scientific community so far. Notable exceptions are the papers in [3,4], where the authors
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addressed the problem of constructing a particular type of parallel curves, the so-called geodesic offsets or geodesic parallels,
defined as the locus of points at constant distances measured from a curve on a surface along geodesic curves drawn orthog-
onal to that curve. Unfortunately, both approaches are extremely limited in scope. The work in [3] presents an algorithm for
efficient tracking of the geodesic parallels on surfaces. The method works well but is severely restricted to the particular case
of surfaces of revolution and is not applicable to other types of parametric surfaces. The authors in [4] provided an algorithm
to compute such geodesic offsets on free-form NURBS surfaces. The method performs well but is strictly focused on geodesic
curves and no other type of curves are supported.

Since then, to the best of our knowledge, no other attempt has been made to address this issue in the context of geometric
processing or manufacturing. In other words, the existing methods reported in the literature so far provide suitable solutions
for some particular cases of curves and/or surfaces but never address the problem in all its generality. Consequently, there is
a lack of a unified methodology to compute parallel curves for any family of characteristic curves on general parametric sur-
faces. The present work is aimed at filling this gap.

1.1. Motivation of this work

Our motivation to construct parallel curves on parametric surfaces comes mainly from the field of sculptured surface
machining, a point-based CNC (computer numerically controlled)-milling process where a sequence of cutter-contact points
are traced by milling cutters by following a pattern of tracing or scanning usually called tool-path topology [5]. According to
[6], those tool-path patterns can be grouped into four types: serial-pattern, radial-pattern, strip-pattern and contour-pattern.
The first two groups, intended for machining an area, consist of trajectories on surfaces that are (either locally or globally) at
given distances from a generator. For instance, the serial-pattern include strategies such as BC-parallel and BC-normal (BC
stands for boundary curve) that typically require the computation of curves on surfaces that are parallel (or normal) to a
prescribed boundary curve. The radial-pattern includes the case of contour-parallel offsets, used for machining an area or
a pocket. Other strategies such as strip-parallel topology are used to remove strips of uncut-regions that typically appear
in finish-machining with ball-end cutters along the sharp concave fillets [6] by employing small-size cutters along uncon-
nected parallel trajectories on the strip. Another example of application of parallel curves is for tool-path generation proce-
dures for pocketing, the most typical roughing operation for die-cavity machining. In this case, contour-parallel curves for
flat-end or round-end cutter milling are used. Such curves can be regarded as parallel curves to the boundary-pocketing
curve at given distances measured on the design-surface.

A reason why parallel curves are so often used in CNC-machining is to ensure that the space between adjacent tool-paths
is kept constant in either the three-dimensional space (i.e., on the surface) or in the surface parametric domain. As pointed
out in [7, pp. 286], geodesic parallels have been applied to tool-path generation in zig-zag finishing with 3-axis machining
and ball-end cutter so that the scallop-height (the cusp height of the material removed by the cutter) becomes constant [8,9],
thus optimizing the size of the cutter location data and consequently reducing the machining time. Recent papers [10–12]
have pointed out, however, that under certain conditions the scallop-height is larger than originally expected and proposed
methods to improve the process by achieving fewer and shorter tool-paths. Another recent paper [13] focuses on this prob-
lem and introduces a new approach for generating constant cusp height tool-paths by using a new metric, referred to as
cusp-metric, defined from the curvature tensors of a workpiece and a tool surface and then constructing geodesic parallels
on the resulting Riemannian manifold. All these works emphasized the difficulties of the constant scallop-height problem
and the importance of improving current solutions for better performance and efficiency. Some of recent approaches con-
sider the use of parallel curves (mostly geodesic parallels so far) as a suitable tool for further improvement.

A striking remark is that tool-path topology planning has been largely seen as a plain distance minimization problem, with-
out taking care of the subtle details of technological ‘‘machinery’’ for CNC milling. From this point of view, geodesic curves
are the preferred (often the must-use) mathematical tools as they exhibit the much desired minimum-distance property. But
efficient strategies are not that easy; there are always many technological issues to be taken into account (machining time,
surface quality, process stability, gouge avoidance, collision prevention and so on) so a balanced trade off among the various
factors is usually required. This opens the door to alternative strategies where other kinds of parallel curves could be advan-
tageous for some specialized tasks. An illuminating example can be found in [14], where gradient curves have already been
mentioned as useful tools for some manufacturing problems. The present contribution is aimed at providing potential users
with a general methodology to generate different collections of parallel curves (including but not restricted to geodesic par-
allels) on arbitrary smooth parametric surfaces and, therefore, enriching current procedures with new alternative strategies.

1.2. Aim and structure of the paper

In this paper we present a simple yet efficient method to compute parallel curves on parametric surfaces. Our approach
relies on geometric-differential arguments to formulate the problem as an initial value problem (IVP) of systems of ordinary
differential equations (ODEs), which can be integrated through step-by-step numerical methods [15–17]. A clear advantage
of our method is its generality: it can be successfully applied to any type of parametric surfaces, no matter if they are poly-
nomial, rational or other. For a proper formulation of the method, we only require the surfaces to be differentiable. In par-
ticular, it can readily be applied to free-form parametric surfaces such as B-splines and NURBS, by far the most important
geometric entities in CAD/CAM. Similarly, the method can be applied to any kind of characteristic curves on surfaces,
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including those with relevance in geometric processing, manufacturing, and rapid prototyping. In fact, the geodesic offsets
schemes in [3,4] are actually particular cases of our method, as it will be shown later on. To evaluate our proposal, some
illustrative examples for the cases of section, vector-field and geodesic parallels on NURBS surfaces are discussed. Our exper-
imental results show the excellent performance of the method even for the complex case of NURBS surfaces.

The structure of this paper is as follows: some mathematical preliminaries are given in Section 2. In Section 3 we describe
our general approach to compute parallel curves on parametric surfaces. The method is discussed for the cases of section,
vector-field, and geodesic parallels. Some illustrative examples of these families of parallel curves for the case of NURBS sur-
faces are described in Section 4. Comparative results for different families of curves parallel to the same base curve on the
same surface are also reported in that section. Then, implementation issues are discussed in Section 5. Conclusions and fu-
ture work close the paper.

2. Mathematical preliminaries

In this paper we will consider differentiable surfaces given in parametric form. Therefore, they are described by a vector-
valued function of two variables:
Sðu;vÞ ¼ ðxðu;vÞ; yðu;vÞ; zðu;vÞÞ; ðu; vÞ 2 X � R2; ð1Þ
where u and v are the surface parameters and X represents the surface parametric domain. Expression (1) is called a param-
eterization of the surface S. We shall use the notation:
Suðu;vÞ ¼
@Sðu;vÞ
@u

; Svðu; vÞ ¼
@Sðu;vÞ
@v ;
to denote the first derivatives of S, which depend on the specific parameterization adopted. However, all the differential geo-
metric characteristics of the surface employed in this paper are independent of the chosen parameterization.

For fu ¼ u0; v ¼ v0g, the partial derivatives Su and Sv are vectors on the tangent plane to the surface at the point Sðu�;v�Þ,
each being tangent to the parametric or coordinate curve v ¼ v0 and u ¼ u0, respectively. The unit surface normal N of the
surface S is defined in terms of these parametric derivatives Su and Sv by
N ¼ Su � Sv

jjSu � Sv jj2
; ð2Þ
where the symbol ‘‘�’’ is used to indicate the cross product and jj � jj2 denotes the Euclidean norm.
In the following we assume that jjSuðu;vÞ � Sv ðu;vÞjj2 – 0;8ðu;vÞ 2 X (in other words, that the partial derivatives Su and Sv

neither become collinear nor vanish). This is called a regular parameterization. In this case, from Eq. (2) a unique unit surface
normal N is defined at each point of the parametric surface S. The family of planes containing the normal N at the given point
intersects the surface in a family of curves passing through that point. Each of these curves is called a normal section curve.

Any arbitrary curve on the surface can be described in parametric form on the surface domain X by fu ¼ uðtÞ;v ¼ vðtÞg.
This expression defines a three-dimensional curve on the surface S given by CðtÞ ¼ SðuðtÞ;vðtÞÞ. Applying the chain rule, the
tangent vector of the curve C at a point CðtÞ becomes:
dCðtÞ
dt
¼ Su

du
dt
þ Sv

dv
dt
: ð3Þ
It is useful to consider the case in which the curve C is parameterized by the arc-length on the surface. Its geometric inter-
pretation is that a constant step traces a constant distance along an arc-length parameterized curve. Therefore, this param-
eterization is very convenient for surface interrogation issues such as measuring distances on the surface. Furthermore, some
industrial operations require an uniform parameterization, so this condition has several practical applications. For example,
in computer controlled milling operations, the curve path followed by the milling machine must be parameterized such that
the cutter neither speeds up nor slows down along the path. Consequently, the optimal path is that parameterized by the
arc-length s on the surface S, given by the First Fundamental Form of the surface:
E
du
ds

� �2

þ 2 F
du
ds

dv
ds
þ G

dv
ds

� �2

¼ 1; ð4Þ
where the coefficients E; F and G are given by (see [18] for details):
E ¼ Su � Su; F ¼ Su � Sv ; G ¼ Sv � Sv ð5Þ
and ‘‘�’’ is used to indicate the dot product. For the sake of clarity, in the following we shall refer exclusively to the parameter
s to account for a curve parameterized by the arc-length on the surface. Similarly, the symbol ð:Þ0 will denote the derivative
operator with respect to s.

2.1. Characteristic curves

Although the method to compute parallel curves presented in this paper performs well for any family of curves orthogonal
to the generator, the most interesting cases arise when characteristic curves are used for that purpose. Intuitively, the term
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characteristic curve on a surface usually refers to any curve that reflects some visual or geometric property of the surface. As
such, this is an elusive (and subjective at some extent) concept, because there is not a formal definition of what is a charac-
teristic curve on a surface, much less a formal set of mathematical conditions that the curve must meet in order to qualify as a
characteristic curve. But researchers in the field have identified a list of classical families of curves that qualify as character-
istic curves, simply because they account for some well-known properties of the surface. For the visual properties we can use
reflection lines [19], highlight lines [20], and isophotes [21], which help to evaluate the behavior and aesthetics of the surface
under illumination models, as it is usually done, for instance, in the automotive and aerospace industries. Geometric proper-
ties can be analyzed through contour lines [22], lines of curvature [22], geodesic paths [22,23], helical curves [24], asymptotic lines
[25], scalar and vector fields [26], etc. These characteristic curves have been successfully applied to the analysis of workpieces
(a field also known as surface interrogation [27–29]) obtained from manufacturing and rapid prototyping and for quality con-
trol assessments in industrial environments [6,14,7]. Other applications are in shoe industry [30] (to find surfaces that model
the shoe piece with a prescribed characteristic curve called girth, which must be preserved while the designer modifies simul-
taneously other areas according to aesthetic criteria), in textile manufacturing for garment design [31] and in sail design [32]
(to develop mathematical algorithms so that the sail can be properly broken down into small 2D pieces and cut out).

2.1.1. Vector-field curves on surfaces
A vector-field curve (or maximum slope curve with respect to a given direction) on a surface S is a curve which is tangent to

the projection on S of a certain vector field U defined on R3. The concept of vector-field curves is well-known in classical
differential geometry and has already been applied to different problems in the context of geometric processing [33,26].
For example, the vector-field curves of the constant vector field U ¼ ð0; 0;1Þ associated with a terrain model surface are
the classical maximum slope curves followed by water droplets thrown on S under the action of gravity [33]. In this paper,
vector-field curves are used to generate a family of parallel curves called vector-field parallels henceforth.

The vector-field curves can be characterized as follows (see Fig. 1): let P ¼ ðx; y; zÞ be a point on surface S, N the unit nor-
mal vector to S at P and Uðx; y; zÞ the vector value at P of vector field U defined in R3. The vector-field projection curve C at P
(that is, its tangent direction T, which has the same direction as the differential arc dC of C) is tangent to the orthogonal pro-
jection of U onto the tangent plane, P, to S at P. If V ¼ U�N, we get:
T ¼ N� V ¼ ðN � NÞ � U� ðN � UÞ � N ¼ U� ðN � UÞ � N:
Note that the differential arc of curve C is orthogonal to vector V, that is:
dC � V ¼ 0: ð6Þ
When the vector-field is the gradient of a scalar field, as in the gravity field example, those curves are usually called gradient
curves, because they are projections on the surface of the gradient curves of the considered scalar field.

2.1.2. Geodesic curves on surfaces
Given a curve C on a surface S, its geodesic curvature at a point CðsÞ is the ordinary curvature of the planar curve gener-

ated by orthogonal projection of C onto the tangent plane of S at CðsÞ. A curve on a surface with identically vanishing geodesic
curvature is called a geodesic curve (or simply a geodesic) of the surface. It can be proved [18] that GðsÞ ¼ SðuðsÞ;vðsÞÞ is a
geodesic if and only if u;v satisfy the system of two second-order ODEs:
d2u
ds2 þ C1

11
du
ds

� �2 þ 2C1
12

du
ds

� �
dv
ds

� �
þ C1

22
dv
ds

� �2 ¼ 0;

d2v
ds2 þ C2

11
du
ds

� �2 þ 2C2
12

du
ds

� �
dv
ds

� �
þ C2

22
dv
ds

� �2 ¼ 0;

8<
: ð7Þ
where the coefficients Ck
ij; i; j; k ¼ 1;2 (called Christoffel’s symbols) are given by:
C

N
Φ

VΠ

S

P

Fig. 1. Geometry of a vector-field curve.
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C1
11 ¼

GEu � 2FFu þ FEv

2ðEG� F2Þ
; C2

11 ¼
2EFu � EEv þ FEu

2ðEG� F2Þ
;

C1
12 ¼

GEv � FGu

2ðEG� F2Þ
; C2

12 ¼
EGu � FEv

2ðEG� F2Þ
;

C1
22 ¼

2GFv � GGu þ FGv

2ðEG� F2Þ
; C2

22 ¼
EGv � 2FFv þ FGu

2ðEG� F2Þ
:

ð8Þ
It is convenient for numerical purposes to transform expression (7) into the system of four first-order ODEs:

du
ds ¼ u0;
dv
ds ¼ v 0;
du0

ds ¼ �C1
11 u02 � 2C1

12 u0v 0 � C1
22 v 02;

dv 0
ds ¼ �C2

11 u02 � 2C2
12 u0v 0 � C2

22 v 02:

8>>>><
>>>>:

ð9Þ
From (5) and (8) we can see that, since Christoffel’s symbols involve second order derivatives of S, if surface S is C3-continuous,
geodesics are C1-continuous. Furthermore, if S is C3, then for any point P on S and for any unit vector w on the tangent plane of
S at P there exists a unique geodesic passing through P with tangent vector w. This property will be used in Section 3.2.3.

3. Computing parallel curves on parametric surfaces

In this section we describe our general method to compute parallel curves on parametric surfaces. Firstly, we formalize
the problem and describe the algorithm of the proposed method. Then, a detailed discussion about how to obtain different
families of characteristic curves orthogonal to the generator is given.

3.1. The method

The problem addressed in this paper can be stated as follows: given a base curve C on a parametric surface S, compute its
parallel curves Cp

1;C
p
2; . . . ;Cp

n on S at given distances d1; d2; . . . ; dn, respectively, from C. Except for very particular cases, this prob-
lem does not have analytical solution, so we must necessarily rely on numerical procedures. A pseudocode-like description of
the algorithm is reported below.
Algorithm 1. Parallel curves on parametric surfaces
Input:

Sðu;vÞ
 /* S: parametric surface */

CðsÞ ¼ SðuðsÞ; vðsÞÞ
 /* C: base curve on S */

D ¼ fd1; d2; . . . ; dng
 /* D: set of distances on S */
Output:

Cp
 /* Cp: set of parallel curves to C at given distances */
Procedure:

{Initialization}
�s fs1; s2; . . . ; smg
 /* �s: set of m parameter values of C */

{Main Loop}
for j ¼ 1 to m do
PC
j  CðsjÞ
TPC
j
 C0ðsjÞ
 /* TPC

j
: tangent vector of C at PC

j */
C?  C?j = ðC?j Þ
0ðsjÞ:TPC

j
¼ 0

n o

end for

for i ¼ 1 to n do
for j ¼ 1 to m don o

PS

i  Pij 2 C?j = jjPij � PC
j jjS ¼ di
/* jj:jjS: norm on S */
PX
i  ðuij;v ijÞ 2 X = Sðuij;v ijÞ ¼ Pij

� �

end for
CX
i  interpðPX

i Þ

Cp

i  SðCX
i Þ
end for� �

Cp  Cp

1;C
p
2; . . . ;Cp

n



A. Gálvez et al. / Applied Mathematical Modelling 38 (2014) 2398–2413 2403
Basically, what the procedure does is to compute, for m (as many as desired) points fPC
j gj

on C, a curve C?j orthogonal to C at
PC

j , which belongs to a prescribed family of characteristic curves of S. The orthogonality condition is given by ðC?j Þ
0ðsjÞ:TPC

j
¼ 0,

where TPC
j

represents the tangent vector of C at PC
j and sj is the parameter associated with that point. Then, we compute the

points Pij on C?j at distances di from PC
j , where the distance is measured on the surface (to this aim, the norm k � kS on the

surface is considered), along with their corresponding parametric values ðuij;v ijÞ. The latter are then interpolated through
cubic spline curves CX

i in X. Of course, other interpolating schemes might be used, but we found that cubic splines are ideal
for our purposes: they are simple, fast, and the lowest-order polynomial splines endowed with inflection points. Further-
more, they compare very well with higher-order polynomials in terms of visual quality while the latter are slower and com-
putationally more expensive. Finally, the parallel curve Cp

i can readily be obtained as SðCX
i Þ. The last step is performed in

order to ensure that the parallel curve lies actually on the surface. This strategy is very well suited for computer manufac-
turing, where interpolation schemes for tool-path generation in CNC-milling are typically described in the surface paramet-
ric domain rather than in the objects space, thus preventing potential collisions between the milling cutter and the
manufactured surface due to interpolation.

3.2. Constructing characteristic curves orthogonal to the generator

A critical issue of our method is how to construct a series of m characteristic curves C?j on S orthogonal to C at PC
j . Char-

acteristic curves are generally described in terms of a geometric property. Very often, this property can be represented by
equations or systems usually solved by algebraic techniques. This approach works well for academic examples, but it is
not well suited for real-world instances. Industrial curves and surfaces are typically described by very complicated nonlinear
functions, so algebraic techniques are no longer adequate. In this context, methods based on differential equations solved by
numerical integration (often in combination with geometric considerations) have proved to be an appealing alternative
[34,27,28,35]. This is also the approach considered in this section. Basically, the problem is formulated as an initial value
problem of systems of ordinary differential equations, where the point PC

j plays the role of the initial condition for the ODEs.
To the aim of illustrating the method, three families of characteristic curves relevant in geometric processing and man-

ufacturing are analyzed in next paragraphs. In what follows, let us assume we are given a base curve CðsÞ on a parametric
surface Sðu;vÞ parameterized by the arc-length on the surface. The unit tangent vector and unit normal vector to CðsÞ at a
given point P� ¼ Sðu�;v�Þ, denoted onwards by T� and N�, are given by Eqs. (2) and (3), respectively.

3.2.1. Case 1: section curves
The differential equation of the section curve RðsÞ on the surface Sðu;vÞ and orthogonal to CðsÞ at P� can be written as:
R0ðsÞ � T� ¼ 0: ð10Þ
Since RðsÞ also lies on Sðu;vÞ, it is given by a parametric curve fu ¼ uðsÞ;v ¼ vðsÞg on the surface domain, that is,
RðsÞ ¼ SðuðsÞ;vðsÞÞ. From (3) and (10) we obtain:
Su � T� � u0ðsÞ þ Sv � T� � v 0ðsÞ ¼ 0: ð11Þ
Assuming surface arc-length regular parameterization, the corresponding differential equations for u0ðsÞ and v 0ðsÞ are
obtained from (4) and (11) as a system of first-order ODEs:
du
ds
¼ � Sv � T�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E ðSv � T�Þ2 � 2F ðSu:T
�ÞðSv � T�Þ þ GðSu � T�Þ2

q ;

dv
ds
¼ � Su � T�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E ðSv � T�Þ2 � 2F ðSu:T
�ÞðSv � T�Þ þ GðSu � T�Þ2

q ;

8>>>>><
>>>>>:

ð12Þ
with initial conditions:
uð0Þ ¼ u�; vð0Þ ¼ v�: ð13Þ
Each solution of (12) and (13) defines a section curve ðuðsÞ;vðsÞÞ in X. The corresponding section curve on the surface is given
by SðuðsÞ;vðsÞÞ, which obviously passes through the point P�. In addition, since s is a non-negative parameter, only two pos-
sible combinations for the signs in (12), namely (+) with (�) or alternatively (�) with (+), are allowed. Each of these feasible
choices lead to one of the pieces of the section curve starting from P�, joined with continuity at this point.

3.2.2. Case 2: vector-field curves
A vector-field curve FðsÞ on Sðu;vÞ orthogonal to CðsÞ at P� can be constructed by taking as driving vector field U� the

direction tangent to the surface at P� and orthogonal to the tangent vector T�, i.e.: U� ¼ T� �N�. From Section 2.1.1, taking
V ¼ U� �N and using Eq. (6) we get:
F0ðsÞ � V ¼ F0ðsÞ � ððT� � N�Þ � NÞ ¼ 0: ð14Þ
Combining (3) and (14) we get the equation:
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Su � ððT� � N�Þ � NÞ du
ds
þ Sv � ððT� � N�Þ � NÞ dv

ds
¼ 0: ð15Þ
Assuming again that all points on the vector-field curve are regular points, a system of first-order ODEs is obtained from (4)
and (15) as:
du
ds
¼ � Sv � ðU� � NÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E Sv � ðU� � NÞð Þ2 � 2F ðSu � ðU� � NÞÞðSv � ðU� � NÞÞ þ G Su � ðU� � NÞð Þ2
q ;

dv
ds
¼ � Su � ðU� � NÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E Sv � ðU� � NÞð Þ2 � 2F ðSu � ðU� � NÞÞðSv � ðU� � NÞÞ þ G Su:ðU� � NÞð Þ2
q ;

8>>>>><
>>>>>:

ð16Þ
with initial conditions:
uð0Þ ¼ u�;

vð0Þ ¼ v�:

	
ð17Þ
Once again, the signs of the derivatives in (16) are associated with each of the two spans of the vector-field curve F at both
sides of P�. The sign of the dot product F0ðsÞ: U� provides a criterion to choose the direction: it is positive when the trajectory
has the same orientation as U� at P�.

3.2.3. Case 3: geodesic curves
As discussed in Section 2.1.2, geodesic curves can be constructed from Eq. (7) or, alternatively, Eq. (9). In either case, four

initial conditions, u;v ;u0 and v 0, must be specified. The first two conditions can readily be assigned, as they correspond to the
initial point P� on the base curve. The last two define the initial direction, so they can be determined by the orthogonality
condition between the tangent vectors of the base curve and the geodesic curve. To formalize it, note that the relationship
u0ðsÞ ¼ cv 0ðsÞ; c 2 R describes a direction on the tangent plane to S at P� (since substituting this expression in (3) we can get
any direction on the tangent plane to S at P�). Combining this expression with (4) we get:
u0ðsÞ ¼ �cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ec2 þ 2F c þ G
p ; v 0ðsÞ ¼ �1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ec2 þ 2F c þ G
p : ð18Þ
Under these conditions, we can consider the following initial conditions for u0 and v 0:
u0ð0Þ ¼ du
ds

� �
s¼0
¼ u0�; v 0ð0Þ ¼ dv

ds

� �
s¼0
¼ v 0�; ð19Þ
where u0�;v 0� come from (18) for the parameter value c that determines the initial direction at P�.

4. Results

In this section we describe some examples of application of our methodology to the families of curves analyzed in pre-
vious paragraphs. In general, the method is valid for any differentiable parametric surface. However, because of their out-
standing advantages in industrial environments, their flexibility and the fact that they can represent well a wide variety
of shapes, in our examples we focus on NURBS surfaces. Another reason for this choice is that NURBS surfaces are generally
more difficult to deal with than most ‘‘academic’’ examples. Consequently, they are an excellent benchmark to evaluate our
approach. The reader is referred to Appendix A for the mathematical definition of NURBS surfaces and to Appendix B for the
computation of their derivatives. See also [36] for further details about NURBS surfaces.

Table 1 summarizes the basic data of the examples analyzed in this paper. For the sake of clarity, the different figures are
arranged in rows. For each row, the following items are reported (in columns): surface degree in ðu;vÞ coordinates, number
of control points, number of orthogonal curves (defined by parameter m), number of parallel curves (defined by n), type of
characteristic curve on the surface employed to generate the orthogonal curves and CPU runtime (in s). To enrich the dis-
cussion, a different degree for u and v has been generally considered. The same applies to other items such as the number
of control points and values of parameters m and n. However, we keep the same values in Figs. 6 and 7 for comparative
purposes.

Fig. 2 shows three examples of section parallels. Each example is divided into two parts: on the left, the parametric sur-
face with the base curve (in blue), the orthogonal curves (in red),1 and the section parallels (in black); on the right, the same
curves on the surface parametric domain. A similar structure is also applied to all other examples of the paper, with the excep-
tion of Figs. 5 and 8. Figs. 3 and 4 show three and two examples of vector-field parallels and geodesic parallels, respectively. The
third example of geodesic parallels is shown in Fig. 5, where the right picture of the parametric domain has been replaced by a
different view of the surface and the geodesic parallels on it for better illustration.
interpretation of color in Figs. 2–8, the reader is referred to the web version of this article.



Table 1
Basic data of the examples described in this paper.

Figure Surface degree # Control points # Orthogonal curves # Parallel curves Type of parallel curves Runtime (in s)

2 (top) (5,4) 7 � 4 30 1 Section 0.1039
2(middle) (3,4) 4 � 3 60 10 0.3426
2 (bottom) (5,4) 7 � 5 30 10 0.1921

3 (top) (5,4) 7 � 5 30 1 Vector-field 0.1193
3 (middle) (5,4) 3 � 5 30 14 0.2546
3 (bottom) (5,4) 5 � 5 40 12 0.2832

4 (top) (5,4) 7 � 5 40 2 Geodesic 0.3886
4 (bottom) (4,4) 3 � 3 40 10 0.4202

5 (3,4) 4 � 4 40 40 Geodesic 0.7110

6 (top) (5,4) 7 � 5 15 2 Section 0.1234
6 (middle) Vector-field 0.1388
6 (bottom) Geodesic 0.2646

7 (top) (3,4) 4 � 4 40 10 Section 0.2454
7 (middle) Vector-field 0.2770
7 (bottom) Geodesic 0.4382
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4.1. Comparative examples

An interesting issue is to compare the behavior of different parallel curves to the base curve C as a function of the families
of characteristic curves used to compute them according to our approach. Figs. 6 and 7 show two examples of this problem;
in each case, we compute the section parallels (top), vector-field parallels (middle) and geodesic parallels (bottom) to the
same base curve and at the same distances measured on the same surface. By simple visual inspection, we can see that while
in the first example the section, vector-field, and geodesic parallels are very similar, some differences arise for the second
example (see, for instance, the curves on the front corner on the surface or, equivalently, the right-bottom corner on the
parametric domain). Our experiments show that the degree of dissimilarity among different kinds of parallel curves largely
depends on the distance to the generator (the further, the more different) and, especially, on the geometry of the surface
those curves lie on. However, further research is still needed to elucidate this issue at full extent.

5. Implementation issues

In general, the initial-value problems of ODE systems in this paper cannot be solved analytically. Fortunately, they can be
solved numerically by using methods and computer packages that are fast, reliable and widely available [15–17]. We have
implemented all numerical routines of this work in Matlab [15]. In our case, the numerical integration has been performed
by using the integrator function ode45 of Matlab, based on an adaptive step-by-step technique that combines 4th- and
5th-order Runge–Kutta methods [17]. Although there is no perfect numerical procedure for solving all cases of IVPs of ODEs,
in our experience this function has shown a very good behaviour. We also mention the Numerical Recipes routines odeint,
rkqs, rkck that are available in C/C++, Fortran 77, and Fortran 90 languages [17]. They are adaptive step-size integration
procedures based on Runge–Kutta techniques as well. In Netlib Repository [16] we can also find a wide variety of tested
computer codes for different numerical problems, including ODEs.

In the case of surfaces comprised of several patches, the ODEs are valid inside each patch. Special care is required in the
transition from one patch to another, taking into account the continuity between them. If there are no strong discontinuities,
one can progress smoothly between patches, because only low-order derivatives appear in the ODEs (this is the case, for in-
stance, in the middle and bottom examples of Fig. 2, with 6 and 12 patches, respectively). Otherwise, the border crossing
point must be carefully identified, with the integration of the ODEs starting from it as the initial point for traversing the next
patch. Since Runge–Kutta methods are of one-step type and only require evaluations of functions (not of their derivatives),
the new integration processes arising when crossing to a new patch can be favorably treated with the above-mentioned
routines.

Regarding the runtimes, Table 1 reports the CPU time (in seconds) of all examples in this paper along with their number of
orthogonal and parallel curves. All experiments have been carried out in Matlab v.2010b on a PC platform, Intel Core 2 Duo
processor at 2.66 GHz. with 4 GB of RAM. Expectedly, the runtimes are quite similar for section and vector-field parallels and
slightly larger for geodesic parallels. The computation times are amazingly small, taking significantly less than one second
(excluding rendering) to be obtained. Similar results were obtained for many other examples not reported here to keep the
paper at reasonable length. In general, our method shows a very good performance in terms of computation time for all com-
puted cases.

The existence of singular points on the surface, with zero values for the partial derivatives, may introduce singularities in
the ODEs. Although floating point calculations make it very difficult to obtain exact zero values, this scenario could actually
happen, leading to numerical instabilities when the integration reaches the neighborhood of such points. In fact, it has been
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Fig. 2. Examples of section parallels: (left) on the surface; (right) on the surface parametric domain.
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pointed out that it is sometimes impossible to cover the entire surface with parallel curves from the same base curve as
cusps or self-intersections typically appear [13]. This is a characteristic of parallel curves on surfaces in general, not a lim-
itation of our method specifically. Those problems are evidenced by the presence of swallowtail solutions, as in Fig. 8. A
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Fig. 3. Examples of vector-field parallels: (left) on the surface; (right) on the surface parametric domain.
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crude solution is to confine the base curve to ‘‘safe’’ regions where no swallowtails occur, then consider new generators for
the unvisited regions and apply our methodology on such regions, much like the author in [13] did for his constant cusp-
height tool-path method. Some alternative approaches that directly remove self-intersections are also referenced in that
paper.



Fig. 5. Two views of a series of geodesic parallels (in black) to the generator (in blue) on a NURBS surface.
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Fig. 4. Examples of geodesic parallels: (left) on the surface; (right) on the surface parametric domain.
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An algorithm to determine singularities and cusps for parallel curves is given in [3]. According to this author, how accu-
rately the cusps have to be determined depends on the specific application. In most situations, the cusps appear in self-inter-
section scenarios, so its detection is only applied to the purpose of modeling the resulting loops correctly. To this aim, it is
enough to find a point close to the cusp, not the cusp itself. The same author proposed a visual criterion for their occurrence:
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Fig. 6. Example of parallel curves to the generator: (left) on a NURBS surface; (right) on the surface parametric domain: (top) section parallels; (middle)
vector-field parallels; (bottom) geodesic parallels.

A. Gálvez et al. / Applied Mathematical Modelling 38 (2014) 2398–2413 2409
equally spaced points in the parameter interval of the parallel curve are differently spaced along the parallel curve on the
surface according to its parameterization. In the neighborhood of a singularity the points lie very close together. Therefore
if a parameter value t� lies in the neighborhood of the parameter value of the singularity, its corresponding point on the



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

u

v

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

u

v

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

u

v

Fig. 7. Example of series of parallel curves to the generator: (left) on a NURBS surface; (right) on the surface parametric domain: (top) section parallels;
(middle) vector-field parallels; (bottom) geodesic parallels.
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Fig. 8. Two views of a NURBS surface with swallowtail solutions for section parallel curves.
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surface, Cðt�Þ, will lie very close to the singularity itself. In case we need to compute the cusp precisely, a two-pass iterative
method can be used. In the first stage, a point close to the singularity is determined; then, an optimization algorithm (such as
the steepest descent method) is applied in order to minimize the function f ðtÞ ¼ ðCðt þ hÞ � CðtÞÞ2 for a small displacement
h 2 R, where CðtÞ denotes the parallel curve on the surface.

6. Conclusions and future work

In this paper a general methodology to compute parallel curves on parametric surfaces is introduced. Our approach is
based on geometric-differential arguments leading to initial-value problems of systems of ODEs that are numerically inte-
grated. To illustrate our method, the interesting cases of section, vector-field and geodesic parallels are formulated and
solved. Several examples showing the good performance of our proposal as well as some computational issues are also
briefly discussed. The methodology presented here is very general, as it is valid for any type of differentiable surface, regard-
less it is polynomial, rational or other. In addition, the method can be applied to any kind of characteristic curves on surfaces.
We only need to obtain the corresponding ODEs characterizing the new curves and then proceed in a similar way.

Parallel curves can be seen as a more general concept than the offset of curves on a surface, which are defined as the locus
of points that are at constant distance from the generator along the surface normal vector [37,38]. Offset curves are receiving
increasing attention during the last years because of their applications to various fields, including manufacturing, robotics,
brush stroke representation, feature recognition and many others [6–9,39,40]. However, the offset of a curve on a surface is
no longer on that surface. On the contrary, parallel curves do preserve the distance from the generator while still lying on the
surface. On the other hand, computation of offsets has revealed to be a very hard problem [7,38,41] while computation of
parallel curves can be performed in a straightforward manner by following our approach.

Section, vector-field and geodesic curves (and others) have already been mentioned as useful tools for different processes
in manufacturing, particularly in CNC-machining [6,13,37,14,8,9]. These references and others mentioned in our introduc-
tory section clearly indicate the usefulness of this contribution to expand the range of techniques for defining tool-paths
for CNC-machining and for dealing with other related problems.

Regarding our future work, we plan to extend our approach to the case of implicit surfaces and to other families of char-
acteristic curves on surfaces. We also wish to investigate further in order to determine the range of applicability of those
parallel curves to industrial environments and other fields. Finally, a thorough comparison among different families of par-
allel curves will also be the subject of our future work.
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Appendix A. NURBS surfaces

Let U ¼ fa ¼ u0;u1;u2; . . . ;ur�1;ur ¼ bg be a nondecreasing sequence of nonnegative real numbers called knots. U is called
the knot vector. The ith B-spline basis function Ni;pðuÞ of degree p (or order pþ 1) is defined by the recurrence relations
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Ni;0ðuÞ ¼
1 if ui 6 u < uiþ1;

0 otherwise;

	
ðA:1Þ
with i ¼ 0; . . . ; r � 1 and
Ni;pðuÞ ¼
u� ui

uiþp � ui
Ni;p�1ðuÞ þ

uiþpþ1 � u
uiþpþ1 � uiþ1

Niþ1;p�1ðuÞ ðA:2Þ
for i ¼ 0; . . . ; r � p� 1, with p > 0. In this definition, knots ui and uiþ1 must not necessarily be different. In fact, the most com-
mon case in industry is the so-called non-periodic knot vector. It consists of repeating the end knots as many times as the
order, i.e., u0 ¼ u1 ¼ � � � ¼ up ¼ a;ur�p ¼ ur�pþ1 ¼ � � � ¼ ur ¼ b. When necessary, the convention 0

0 ¼ 0 in Eq. (A.2) is applied.
Without loss of generality, we can assume that ½a; b	 ¼ ½0;1	.

Given a set of 3D points called control points, fQ ijgi¼0;...;M;j¼0;...;N
, in a bidirectional net and two knot vectors

U ¼ fu0;u1;u2; . . . ;ur�1;urg and V ¼ fv0;v1; . . . ;vh�1;vhg, a NURBS surface Sðu;vÞ of order ðk; lÞ is a piecewise rational para-
metric surface given by:
Sðu;vÞ ¼
PM

i¼0

PN
j¼0wi;jQ i;jNi;pðuÞNj;qðvÞPM

i¼0

PN
j¼0wi;jNi;pðuÞNj;qðvÞ

; ðA:3Þ
where the fNi;pðuÞgi and fNj;qðvÞgj are the B-spline basis functions of degree p and q, respectively, defined recursively follow-
ing (A.1) and (A.2), and fwi;jgi;j are weights associated with the control points fQ i;jgi;j

. For a proper definition in Eq. (A.3), the
following relationships must hold: r ¼ pþM þ 1;h ¼ qþ N þ 1 (see [36] for further details).

Appendix B. Derivatives of NURBS surfaces

The kth derivative of a B-spline basis function is given by:
NðkÞi;p ðuÞ ¼ p
Nðk�1Þ

i;p�1 ðuÞ
uiþp � ui

�
Nðk�1Þ

iþ1;p�1ðuÞ
uiþpþ1 � uiþ1

 !
: ðB:1Þ
To compute the partial derivatives of a NURBS surface, we consider the numerator and denominator of (A.3), denoted as
Nðu; vÞ and Dðu;vÞ, respectively. The partial derivatives of either can be obtained by computing the derivatives of the B-
spline basis functions according to (B.1). For instance:
@kþlNðu; vÞ
@ku@lv

¼
XM

i¼0

XN

j¼0

PijN
ðkÞ
i;p ðuÞN

ðlÞ
j;qðvÞ ðB:2Þ
and a similar expression is obtained for Dðu;vÞ. Now, the partial derivative ðk; lÞ of the NURBS surface can be obtained as:
@kþlSðu;vÞ
@ku@lv

¼ 1
Dðu;vÞ

@kþlNðu;vÞ
@ku@lv

�
Xk

i¼1

k
i

� �
@ iDðu; vÞ

@iu

@kþl�iSðu; vÞ
@k�iu@ lv

�
Xl

j¼1

l
j

� �
@jDðu; vÞ
@jv

@kþl�jSðu;vÞ
@ku@l�jv

 

�
Xk

i¼1

k
i

� �Xl

j¼1

l
j

� �
@iþjDðu;vÞ
@ iu@ jv

@kþl�i�jSðu;vÞ
@k�iu@l�jv

!
: ðB:3Þ
Appendix C. Supplementary data

Supplementary data associated with this article can be found, in the online version, at http://dx.doi.org/10.1016/j.
apm.2013.10.042.
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